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Abstract. This article studies the harmonicity of vector fields on Rie- 
mannian manifolds, viewed as maps into the tangent bundle equipped 
with a family of Riemannian metrics. Geometric and topological rigid- 
ity conditions are obtained, especially for surfaces and vector fields of 
constant norm, and existence is proved on two-tori. Classifications are 
given for conformal, quadratic and Killing vector fields on spheres. Fi- 
nally, the class of metric considered on the tangent bundle is enlarged, 
permitting new vector fields to become harmonic. 



1. Introduction 

Though very interesting in many settings, the theory of harmonic maps 
fails to produce any worthwhile result when applied to vector fields, seen 
as maps from a Riemannian manifold {M,g) into its tangent bundle TM 
equipped with its simplest metric, the Sasaki metric. This situation has 
led to consider constrained problems on the same functional, e.g. harmonic 
sections and harmonic unit sections. However, recently, new classes of metric 
on TM have been shown to allow a richer existence theory and, with respect 
to adequate metrics, standard vector fields can produce new harmonic maps, 
for example a two-parameter family including the Sasaki metric ([!]), g- 
natural metrics (p]) or an ad-hoc Riemannian metric based on a deformation 
of the horizontal distribution ([17J). 

The main difficulty here is to strike a balance between the harmonicity of 
the vector fields and the geometric relevance of the metric on TM. In this 
paper, given a Riemannian manifold (M, g), we consider on TM Riemannian 
metrics in the intersection of the largest known class of metrics on tangent 
bundles, i.e. (/-natural metrics, and Kaluza-Klein metrics, as commonly 
defined on principal bundles (cf. [i9\). 

Recall that, at a point {p, e) G TM, the tangent space T(^^^-^TM splits 
into its horizontal and vertical spaces ([8j): 

(1) r(p,,)rM = H(p,,)eV(p,e), 
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where t : U C TM TpM sends a vector v £ TgM, with (q, v) £ U, U 
being an open neighbourhood of {p, e) in TM, by parahel transport along the 
unique geodesic from q to p, to a vector in TpM and the map R-e is simply 
the translation by — e in TpM. One can check that H(p g) n V(p e) = {0} 
and H(p g) © V(p g) = T(p^f,)TM. Any vector in T(^p^f,-^TM can be decomposed 
into its horizontal and vertical parts and any vector X E TpM admits a 
horizontal lift G '^{p^) ^'^'^ ^ vertical lift X"" € V(p g) defined by 



Metrics on TM can therefore be characterized by their values on horizontal 
and vertical lifts. 

Definition 1.1. [1] Let {M,g) be a Riemannian manifold, a metric G on 
TAI will be called (7-natural if, at the point {p, e) £ TM, it has the form 



where A, B,C, D, E and F are real C^-functions of |ep. Conditions are 
needed on A, B, C and D to ensure that G is positive definite. 

Remark 1.1. To have vr : TM — > M conformal submersion, we need D = 
and to have the horizontal and the vertical distributions orthogonal one to 
the other, we need E = F = 0. 

The class of metrics we study in this article sits inside (7-natural metrics 
but retains the geometric properties of the tangent bundle. 

Definition 1.2. Let {M,g) be a Riemannian manifold, a metric G on TM 
will be called Kaluza-Klein if, at the point {p, e) G TM, it takes the form 



where A, B and C are real functions of |ep. The functions A will be assumed 
strictly positive and B and C such that G is positive definite. 



K{p,e){X'') = X-, dTT(^p^e){X^) = X. 



G{X'',Y'') 
G(^X'',Y'") 



Ai\e\^)g{X, Y) + D{\e\^)g{X, e)g{e, Y); 
Ei\e\^)g{X, Y) + F{\e\^)g{X, e)g{e, Y); 
B{\e\^)g{X, Y) + C{\e\^)g{X, e)g{e, Y), 



G{X'',Y^) 
G{X'',Y'') 



A{\ef)g{X,Yy, 
0; 

B{\e\')g{X,Y) + C{\e\')g{X,e)g{e,Y) 



Standard computations with the Koszul formula or general results for g- 
natural metrics from [1], give the expression of the Levi-Civita connection. 
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Proposition 1.1. Let G be a Kaluza-Klein metric on TM , then the corre- 
sponding Levi-Civita connection V is characterized, at {p,e) G TM, by 



^x'^Y" = {l^R{Y, e)X + ^g{Y, e)X f + {VxYY; 
^x^Y^ = {^R{e, X)Y + ^g{X, e)Y f; 

Vx^Y^ = ^{9{X, e)Y^ + g{Y, e)X^) + {C - ^-^)^^g{X, e)g{Y, e)e 
+ W^9{X,Y)e\ 



all functions being evaluated at |ep and prime denotes derivation. 

Remark 1.2. Note that since V x^Y"" is vertical, the fibres of TM are to- 
tally geodesic. 

The geometry of a sub-class of Kaluza-Klein metrics, called generalized 
Cheeger-Gromoll metrics, is studied in [6|. 



The energy of a smooth map (f) : (M, g) — > (A^, h) between Riemannian 
manifolds is 



where \d(p\ is the Hilbert-Schmidt norm of d(f). If M is not compact, E{(p) 
is defined over compact subsets. Critical points of this functional are called 
harmonic maps, and characterized by the vanishing of the tension field |12J: 



Harmonic maps generalize not only harmonic functions but also geodesies 
and holomorphic maps between Kahler manifolds. The starting point of the 
theory is the Eells-Sampson existence result. 

Theorem 2.1. |12] Let (M, g) and {N, h) be compact manifolds with Riem'^ 
negative. Then in each homotopy class there exists a harmonic map from 



Though it has developed into a rich subject (cf. [9l [ini E] ) , this theory 
does not lend itself to the study of vector fields. Since the tangent bundle of 
an n-dimensional manifold M, is itself a 2n-dimensional manifold, one can 
see vector fields as maps from M to TM, and once a Riemannian metric has 
been chosen on M, equip TM with a Riemannian metric of its own. Given 
the canonical decomposition ([T]) of the bitangent space and the isomorphisms 
between the horizontal and vertical spaces, and the tangent space of M, the 
simplest possible construction of a Riemannian metric on TM is the Sasaki 



2. Harmonic maps 




T[(j)) = trace Vdcf) = 0. 



{M,g) to {N,h). 
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metric: 

ffSasaki(^^i^") =0; 

5sasaki(x^y^) = <7(x,y), 

for all vectors X, y € TpM, (p, e) G TM and p G M. Unfortunately, 
elementary computations based on Proposition ll.lt show that, for a vector 
field a : M ^ TM, the vertical part of t((t) is 

V*Va = 0, 

and a mere integration by parts implies that a must be parallel, with all the 
topological obstructions that this implies (cf . [HI [13] ) . 
An alternative metric on TM, was proposed by Cheeger and Gromoll (l^j), 
and explicated by Tricerri and Muso ([15J) 

gcG{X\Y^)=g{X,Yy, 

gcG{X\Y'') = u:{e){g{X, Y) + g{X, e)g{Y, e)), 
where u){e) = j+j^- 

While this metric proved useful for other problems, it carries the same rigid- 
ity as the Sasaki metric and, when M is compact, no non-parallel harmonic 
section or map can exist for this metric ( |17l ) . 

In a first attempt to relax existence conditions, this metric was generalized in 
[1] by introducing a two-parameter family of metrics, which includes ^Sasaki 
and gcG 

^7™,.(x^y'^) = 0; 

g^mAX\Y^) = u^{e){g{X, Y) + Tg{X, e)g{Y, e)). 

Depending on the choice of (m, r), r positive to ensure positive definiteness, 
one can obtain new harmonic maps from vector fields, e.g. the Hopf vector 
field from (S^,ffcan) into (TS^, (72,o)- However, in some cases, for example S^, 
rigidity persists and wider classes of metrics on TM are now investigated 
(i2j). 

Vector fields allow a richer situation than the general case of maps, since 
the energy functional can define several variational problems. First, har- 
monic maps, that is critical points of E with respect to all possible varia- 
tions of the map; second, harmonic sections, i.e. critical points of E only 
with respect to variations through vector fields, and finally, topology permit- 
ting, unit harmonic sections, when variations are restricted to unit vector 
fields. These problems clearly sit one inside the other and when the canon- 
ical projection vr : TM — > M is a Riemannian submersion, their associated 
Euler-Lagrange equations can be deduced from the tension field. Indeed, the 
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characterizing equation of harmonic sections is precisely the vertical part of 
the tension field (hence the same rigidity for harmonic maps and sections for 
the Sasaki and Cheeger-Gromoll metrics), and, for unit harmonic sections, it 
is the proportionality of the vertical part of the tension field and the section 
itself. 

Note that CM. Wood extended in [19], Eells-Sampson's flow technique to 
deduce a similar existence result for sections into a fibre bundle equipped 
with a Kaluza-Klein type metric (which will be our case), but the homotopy 
of the space of vector fields is trivial. 

Proposition 2.1. Let {M,g) be an m- dimensional Riemannian manifold 
and G a Kaluza-Klein metric on TM . The tension field of a vector field 
a ■ {M,g) {TM,G) is given by r((j) = [t^{(j)]'' + [T^{a)Y, where 

^''(^) = ^«(Ve,cT,a)ei + ^g{S/e,a,a)ei; 

+ BTWC {-^^' + - + B')\Va\') a, 

where {ej}i=i^...^m "is a local orthonormal frame of {M,g), R its Riemann 

I |2 

curvature tensor and X(a) = grad 

Proof Let a : M ^ TM be a vector field then da : TM TTM and, from 
the definition of the horizontal and vertical lifts, 

da{X) = X'^ + (Vx^T)^ 

Combined with Proposition II. H this yields that, in a local orthonormal 
frame {ei}i=i,...,m 

r((T) = trace Vda 



= ^'^daie,)d(r{ei) - dcr{Ve,ei) 
1=1 

m 

i=l 
m 

= Y.^^e^e,f - ^^a^ + (Ve,Ve,a)^ + (^ii(Ve,a,a)e, + ^g{V ^^a^e^f 

i=l 

+ ^g{V,^a,a)e, + ^R{a,V,^a)e.f + ^-^g{y ,^a,a){V ^^af + (C - ^-M^Y^^^a^ 

m 
.i=l 

+ [-V*Va + ^VxM^ + 5^(-m^' + (C - ^|X(a)p + (C - B')\Va\^)a 
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hence the expression for t((t). □ 

Remark 2.1. i) Parallel vector fields are harmonic maps if and only if 
A' = 0. Therefore, from now on, with the exception of the last section, 
we will assume yl to be a constant function and harmonicity will then be 
independent of the value of A, so we can choose it to be equal to 1. 

ii) With this choice A = 1, the horizontal part satisfies T^{f<7) = fT^{a), for 
any function /. Moreover, harmonic sections are characterized by t'"{(t) = 
and t'^{<j) is independent of B and C. 

iii) The canonical projection vr : (TM, G) — > (M, g) becomes a harmonic 
morphism, i.e. pulls back harmonic maps onto harmonic maps. 



3. Rigidity conditions 

As the horizontal part of t((t) depends only on the geometry of {M,g) 
and not on the choice of the functions B and C, we can find obstructions to 
the existence of non-trivial harmonic maps (i.e. T{a) = 0). 

Proposition 3.1. If {M,g) is a Riemannian manifold of constant sectional 
curvature k then 

T''{a) = K{VaCr - {dwa)a). 

If M is compact with k and a is a harmonic map of constant length k 
then diva = Vo-O" = 0. Moreover 

(1) if |V(Tp < nk'^ then a is a Killing vector field; 

(2) if — 2k/c^ > \Lf^g\'^ then a is parallel. 

Proof. When (M, g) has constant sectional curvature, the expression of T^{cr) 
is a direct consequence of Proposition 12. 1[ If cr is a harmonic map of con- 
stant norm k, taking the inner product of the equality (div a)a = Vo-o", gives 
(t(^) = {div a)k^, so that divo" = 0, hence Vo-cr = 0. 
If M is compact, we can use the Yano formula 

/ (V*Vcj,o-) - Ricci(a, fj) - i|L^c/p + {divafvg = 0, 

to deduce that 

VcTp — k/c^ — ^|Lo-5p Vg = 0, 
and obtain the second part of the proposition. □ 
On surfaces, a topological obstruction appears. 

Proposition 3.2. Let {M'^,g) be a Riemannian surface with Gaussian cur- 
vature Kg. If a vector field is a harmonic map from M2 to TM'^ then it 
must vanish on the set A = {x G M"^ : Kg{x) ^ 0}. 

In particular, no non-zero vector field o/S^ can be a harmonic map, whatever 
the metric chosen on S^. 



A 
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Proof. Let g he a, Riemannian metric on M and let Kg be its Gaussian 
curvature. First recall that if {X, Y} is a local orthonormal frame on 
then 

dw[dw{X)X - VxX] 

= {VxiiVyX, Y)X - VxX),X) + (Vy ((VyX, Y)X - VxX), Y) 
= (VxVyX,y) + {VyX,VxY) - {Vx^xX,X) + (VyX,y)2 - {VyVxX,Y) 
= -[{VyVxX^Y) - (VxVyX,y) - {VsjyxX,Y)] - {VxVxX,X), 
but 

-{VxVxX,X) = |VxX|2 

= {VxX,Yf 

= -{VxY,X){VxX,Y) 

= -{Vv^yX,Y). 

Therefore 

div[div(X)X - VxX] 

= -[{VyVxX,Y) - {VxVyX,Y) - {VvyxX,Y) 
-{Vv,yX,Y)] 

(2) = -Kg. 

Thus, if a vector field a : {M'^,g) {TM'^,hp^g) is a harmonic map then 
necessarily the horizontal part of its tension field must vanish: 

i^:g(div(o-)o- - V^cr) = 0. 

Assume a is non-zero and let U be an open subset of ^ C where a does 
not vanish. First, observe that, on U, we have 

/ o" \ (7 „ a 
div ( — — - V^ — 

\a\ ) \o\ l<^l \o\ 

1 \ n- ( ^\\ ^ 1 ^ 1 1 I 

— div cr + cr — i— r - i— pr Vo-cr - —a i— r I cr 
cr / \\(y\ cr err f V k"" 



— (div(cr)c7 - V^cj) 



Thus Formula ([2]) applied to contradicts the hypothesis. □ 

When M is compact the Divergence Theorem and the Kato Inequality 
put constraints on the vanishing of the vertical part of the tension field. 

Proposition 3.3. Let (M, he a compact Riemannian manifold and a : 
{M,g) ^ (TM,G) a harmonic section , i.e. T^^^a) = 0. If 2B' + \a\'^C' > 
and —B + |(Tpi?' + |cr|^C" < then the norm of a is constant. If moreover 
B + |(Tpi?' does not vanish, then a must he parallel. 
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Proof. If fj : (M, g) {TM, G) is a harmonic section then 

V*Va-^Vx(.)a = STR^ {-mA' + (C - + {C - B')\Va\') a, 

and taking the inner-product with a imphes 

(3) aM! = + \a\'B')\Va\' + {2B' + \<y\'C')\X{a)\^) . 

If 2i3'+ |cr|^C" is positive, then we can use the inequahty \X{a)\'^ < |Vct|^[o"P 
to obtain 

< (-B + \a\'B' + \a\'C') |Vap, 

and the second condition of the proposition imphes that < 0, therefore 

|ct| is constant and the left-hand side of Equation ([3]) vanishes. □ 

Proposition 3.4. Let (M, g) he a complete Riemannian manifold with pos- 
itive Ricci curvature. If a : (M, g) — > (TM, G) is a harmonic map and 
B + = 2B' + |cpC" = then a has constant norm. 

I |2 

Proof. Clearly from the previous proof, A^ = and, by [25, we conclude 
that I cr I is constant. □ 



4. Constant norm 

Vector fields of constant norm usually do not exist, but when they do, 
they provide particularly interesting examples and are often linked to other 
geometric structures. Building on the formulas of Proposition 12. H we can 
rule out their harmonicity for some combinations of the functions B and C. 

Proposition 4.1. If a vector field a : {M,g) — > {TM,G) of constant norm 
k, is harmonic (either as a section or a map), from a Riemannian manifold 
into its tangent bundle equipped with a Kaluza-Klein metric then either a is 
parallel or 

B{k^) + k^B'{k^) = 0. 

Proof. If a has constant norm /c, then the vertical part of its tension field 
becomes 

(4) v*Va = ^^!ValV, 

and taking the inner-product with a yields 

|Y7^|2 C-B' ;^2|v7^|2 

If a is not parallel, then 

B{k^) + k^B'{k'^) = 0. 

□ 



This proposition leads to a rewriting of the condition of harmonic section. 
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Proposition 4.2. If a : M ^ TM is a vector field of constant norm k, 
then a : {M,g) — > {TM,G) is a harmonic section (i.e. t'"{(t) = Oj, where G 
is a Kaluza-Klein metric for the functions Bit) = Ke~^/^ (K > Oj and any 
choice for C , if and only if the unit section ^ is a unit harmonic section for 
the Sasaki metric on TM . 

Proof. Recall that the Euler-Lagrange equation for unit harmonic sections 
with respect to the Sasaki metric on TM, i.e. critical points of the functional 
E for variations through unit sections, is 

V*Va = |Vapa, 

so clearly, parallel sections are unit harmonic sections for the Sasaki metric. 
If a is harmonic but not parallel, by the previous proposition, the function 
B must satisfy 

B{k^) + k^B'{k^) = 0, 

which is satisfied for B{t) = Ke"^^^"^ (though this is far from the only 
possibility). 

Moreover, for this function B, ^jJ^-iq = l/k"^ and Equation ([1]) becomes 

V*VCT = ^|VC7|V, 

that is a = ^ is a unit harmonic section. □ 

Proposition 4.3. The characteristic vector field of a Sasakian manifold 
{M,g) is a harmonic section into (TM,G), where G is a Kaluza-Klein met- 
ric with B{t) = Ke~^ . 

Remark 4.1. As we have already remarked, the vanishing of the horizontal 
part of the tension field, is independent of the choice of the Kaluza-Klein 
metric on TM. For example, the Hopf vector fields on S^""*"^ or some unit 

Killing vector fields on S'L2(M) or the Heisenberg three-space, turn out to 
be also harmonic maps (cf. [5j). 

5. The two-torus 

Having established in Proposition 14.21 a link between unit harmonic sec- 
tions for the Sasaki metric and harmonic sections for some Kaluza-Klein 
metrics, we can exploit results from Wiegmink [18j to obtain a first exis- 
tence result. 

Theorem 5.1. For any metric g on the two-torus T^, there exist a unitary 
vector field a and a Kaluza-Klein metric G such that a : (T^, (TT^, G) 
is a harmonic section. Moreover, a is a harmonic map if and only if the 
Gaussian curvature of{T'^,g) vanishes. 

Proof. Let u be a unit vector field on T'^ and u a function on T^, put g = e~^g 
and a = e~"cT. Then = 1 and the energies of these two vector fields are 
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(up to a constant) 




since g{VeiCr,a) = giVeif^^a) = 0, where {cj} and {cj} are orthonormal 
frames with respect to g and g. Note that Vg = e^'^Vg and 



W|? = (|Va|2 + I grad, u]] + 2((diva)a - V .a){u)) . 



Therefore 




AI 



B{1) (I gradg u\l + 2(div a)a - V<,ct)(u))) v. 



but 



div (u((div o")cj — Vq-ct)) = ndiv ((diva)*? — Vo-o")) + {{div a)a — VaO'){u) 

= —uKg + (div cr)cr — Vo-cr)(M), 



as we saw in the proof of Proposition 13.21 Besides, by the Divergence Theo- 
rem, the second integral of ([5]) vanishes and we conclude that the quantity 
E{a) — E[a) depends only on the function n, not on the section a. 
Now, given a Riemannian metric 17 on T^, choose a flat metric g conformal 
to g. This is always possible by [13], and, for this flat metric, take a parallel 
vector field a. Then a is not only a harmonic section but also an absolute 
minimizer of the energy functional. From our relation on the energies of a 
and 0", we deduce that a must be a unit harmonic section (since Equation ([5|) 
holds only for unit sections), and we know that this implies that cr is a har- 
monic section from (T^,<^) into (TT^,G), with the function B{t) = Ke~^ 
and any function C. □ 

Proposition 5.1. Let ^ be a Killing vector field on {T'^,g) then a = is 

a harmonic section from (T^,g) into {TT'^,G) (or from an open subset of 
if ^ vanishes at some points), where G is Kaluza-Klein metric with the 
function B{t) = Ke~* and any function C. 

Proof. Recall that the condition on a is V*V(T = iVfipo". 
Since 



since 



div ((divcr)(T — Vo-cj) = —K^ 




vi^i. 1 __Aiei _ jviei|2_ 
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and 

we have 

V Va - |V(7[ a = Kg— - - ^^^^ + ^Wl^C 

|V|C|P 2 iViClP C 2 ^ 

= + ^Vvi.C - 2^^ + ^(e, Vv.iO^ 

o / \ 

v_ig|2e-ivieipe 



since 



and 



K,ier = (v*ve,e) = iver + AM!, 



Finally, since ^ is Killing, (V^^,^) = and = — V^^, so Vy^gC is 

collinear with ^, that is — Vy^gC = f(,, but 

hence, if ^ is Killing, then a is harmonic. □ 
Remark 5.1. This proposition remains true on any surface. 

6. Spherical vector fields 

The easiest scheme to construct vector fields on a Riemannian manifold 
is to take the gradient of a non-constant function. In the case of spheres, 
the simplest choice is a linear map given by the ambient inner-product. 
Unfortunately, these conformal vector fields cannot be harmonic sections 
(or a fortiori harmonic maps) for a Kaluza-Klein metric on TS". 

Proposition 6.1. Let a € \ {0} (n>2) and define the function 

A:S"^M, X ^ X{x) = {a,x). 

Then the vector field a = grad^ A is never a harmonic section ( or harmonic 
map) for any Kaluza-Klein metric on TS". 

Proof. If (T = grad^ A with A(x) = (a, x) then standard computations show 
that ([20]) 

V*Vcr = cr; X{a) = -Act; Vx{a)0- = X'^cr; 

= lap - a2; \X{a)\^ = X\\a\^ - A^); \Va\^ = nX\ 
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From these terms, one can easily check that t^(cj) = if and only if 

B - X\2 - n)B' = A^dap - A^)^' + [nA^ - {\a\^ - X^)]C. 

But since there always exists a point p € S" such that \{p) = 0, at this 
point the equation becomes 

5(|a|2) = -|a|2C7(|a|2), 

which is impossible since this would contradict the positive definiteness of 
the metric G. □ 

While linear maps never yield harmonic maps on S", quadratic functions 
restrained to the sphere can have harmonic gradient, depending on the parity 
of the dimension. 

Proposition 6.2. Let X be a quadratic form restricted to the n-sphere (n > 
2 ) and cr = \ grad^ A its associated vector field. 

Ifn is even then a can never he a harmonic section from (S",5can) i'^io TS" 
with a Kaluza-Klein metric. 

Ifnis odd, a is harmonic if and only if X has exactly two distinct eigenvalues 
ai > 02 of multiplicity and n > 3. 

In this case, possible choices for the Kaluza-Klein metric on TS" are, setting 
fi = ai — 

-St 

• Forn = 5, C = and B{t) = Ke~^ (K > 0) ; 

• For n > 5, C = and (a prolongation of) 

71+3 

B{t) = K[^fi^-{n-5)t]n-5^ {K>0), 
forteiO, 

Proof. Let A be the restriction to S" of a quadratic form on M"+i. Since it 
is symmetric, the matrix of A can be diagonalized into a matrix AI and the 
vector field a = ^V^"A can be written 

a{x) = M{x) - X{x)x, 

for all X G 

Straightforward computations show that (cf. [5]) 

V*VfT = (n + 3)(t; Vx(^)fT = {(^3 - SAcia) + (AX"^ - Aa)^; 

|crp = A2 - A^; X{a) = 0-2 - 2Xa; 

|Vcrp = |Mp - 2A2 - 2A trace M + (n + 3)A^ 

where for any € N* 

Xkix) = M^{x) . X, and a^ix) = ^VA^ = M^{x) - Afc(x)x, 

and thus Ai = A, ai = a. Inspection of r^(cj) quickly reveals that a neces- 
sary condition for a to be a harmonic section is Vx(tT)0' parallel to a, which 
implies that M has exactly two distinct eigenvalues (cf. [U Lemma 4.1]). 
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\X{a)\^ = ^,\l-4\x^Wl-\x^\''))\a\^; 
[Vfjp = - 2fi^{p + l)\Xf,f + (n + 3)/x2|x^ 



Since a quadratic form with a single eigenvalue restricts to a constant func- 
tion on we can assume the first eigenvalue of M, say /i, to be strictly 
positive (of multiplicity p), and the other one to be zero. In this case, if 
X = + xq is the decomposition into eigenvectors, then ([5]) 

(T2 = /U0-; X{x) = filxf.l'^; A2 = 

and 

(T3 — 3A(T2 = (^^ — 3\fi)a 

= |U^(1 - 3|x^p)(T. 

Hence 

= (m^ - 4/i2lx^p(l - \x^\^))a; \a\^ = - |x/,p); 

Therefore T'"{a) = if and only if 
(6) 

(n + 3)B - [2(^2 _ 4|^|2) _ _ + i)|2;^^[2 + + 3)|x^|^)^2]^' 
= |^7p(^2 _ 4|^|2)^/ ^ _ + i)|^^|2 + + 3)1x^4)^2 _ ^ 3)|a|2]C. 

To a point x = + xq € S", we associate the circle made up of points 
X = Xfj, + xo £ S"^ such that |xoP = |x^p, or equivalently |x^|^ = 1 — |x^|^. 
Note that jcr^P = [cx p- We evaluate Equation ([6]) at x and x, and subtract 
to obtain 

(n + 1 - 2p)(2[x^p - - C) = 0, Vx G S". 

If 2p 7^ by continuity, this implies that B' = C . But then, Equation ([6]) 
would become 

(n + 3)5 + [-2/i2 + (n + 11)|ct|2]C7 = \a\^{i? - 4\a\^)B" , 
and at points where \a\^ = ^^/4, this is 

B{i?/A) + (/.V4)C(^V4) = 0, 
which contradicts the positive definiteness of G. 

Therefore, necessarily p = which forces n to be odd and Equation ([6]) 
becomes 

(7) 

(n + 3)5 + [^i? - (n - b)\a\^]B' = \a\^{i? - ^a\^)C' + - 2(n + 3)|ap]a 

Three cases appear, n = 3, n = 5 and n > 5. 
For n = 3, Equation ([7]) becomes 

65 + 2\a\^B' = 1(t12(^2 _ 4|^|2)(^/ ^ 2(/i2 - 6l(Tp)C7, 
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which can be written as an ordinary differential equation in the variable 
t = |cj|2 e [0,/iV4]: 

3B{t) + tB'{t) = f (/x^ - At)C'{t) + - 6t)C{t), 

with t € [0,fj?/4]. The homogeneous equation 3B{t) + tB'{t) = has 
B{t) = ^ G M) as solution, but it is not defined at t = 0. If B{t) = ^ 
is a solution then the function K must satisfy 

K'(t) = t[$(/x2-4t)C7(t)]', 

with K{0) = 0. Therefore 

JO 

JO 

> = t2^(t), 

hence {/j,'^ — 4t)C(t) > 2B{t), which, for t = contradicts B non-negative. 
If n = 5, Equation ([7]) can also be written as an ordinary differential equation 
in t = |(Tp 

(8) 8B + fi^B' = tifj,^ - At)C' + (3^2 _ ig^)(^^ 

-8t 

which is satisfied for C = and -B(t) = Ke~f^ {K > 0). For more solutions, 
start with B[t) = K{t)e~i^ and then K must satisfy 

K'{t) = X{t{n'' - 4t)C" + (3/i2 - 16t)C)e^, 

2 

for t G [0, and, for any C positive (to ensure that the metric is Rie- 
mannian), we can construct a positive solution to ([8]). 
For n > 5, we can take C = and the ODE becomes 

(n + 3)5 = [(n - 5)t - ^/i^]^', 

so we have the solution 

n+3 

B{t) = K[^l? -{n-h)t\n-^, {K>0), 

2 

for t G [0, ^] and and we prolong B to the whole of M by continuity (keeping 
B strictly positive). To obtain more solutions, put B{t) = K{t)f{t), where 

n+3 

f{t) = [^^/U^ — (n — 5)t]^-^ , then Equation ([7]) gives the condition 

-2(n-l) 

K'{t) = [t{fi^-At)C' + m^fi^-2{n + 3)t)C][^fi^-{n-5)t] "-5 , 

2 

for t E [0, and we can find a primitive to construct a positive solution 

2 

on [0, ^] and extend it to M+. 

□ 
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The most geometrically meaningful type of sections of the tangent bundle, 
is the Killing vector fields. While we can observe again different behaviour 
according to the parity of the dimension, harmonic Killing vector fields will 
exist in all cases, except dimension two. 

Proposition 6.3. Let ^ be a Killing vector field on S"^^ and define its in- 
variant axis to be 

= ker(r^ — Id), 

where is the flow of ^. 

Then dimF^ = 2k + \, with < < p — 1 and ^ is a harmonic section into 
TS^P equipped with a Kaluza-Klein metric G if and only if 

(1) k ^ p — 1, i.e. dimFg is not maximal; 

(2) ^ = A(-X2, a;i, . . . , -X2p-2A:, a^2p-2A:-i,0, . . . ,0), A a non-zero con- 
stant. 

One possible choice for the functions defining the metric G is C = and 

-(2p-l)f 

B{t) = Ke'^^'^P-^-^) (K>0). 

Proof. Let be a Killing vector field on the even-dimensional sphere S^^ and 
the isometry given by the flow of ^. Its invariant axis = ker(rg — Id) has 
dimension 2k-\-l with < A; < p—1. Up to a permutation on the coordinates, 
any Killing vector field can be written ^ = Yl^=i ^2jC2i, where the ^2i's are 
non-zero constants and is the Killing vector field given by rotation in the 
(x2i-i, X2i)-plane. For Killing vector fields on S^^, the equation of harmonic 
sections is 



(9) (2p-l)e+^Vv,5C = \{C - B'm\' + (C - 



2B'C\ 



since V^^ = -^Vj^p and V*VC = {2p - 1)^. 

First assume that 92% = A for all i = 1, . . . ,p — k. Then ^ = Act, with 
0- = Z]?=i''^2i, and 



|VeP = 2X^{p-k - \a 



\2\ 



SO Equation ([9]) becomes 
(10) 

2X\p-k-l)B' + {2p-l)B = X'^[2{p-k)-{2p+l)\a\'^]C+X^\aWl-\a\'^)G'. 

-{2p-l)t 

Uk^p-1, then we can choose C = and B{t) = Ke'^^^^P-^-'') {K > 0). 
For any positive function C, one can find a positive solution of (jlOp over the 
interval [0, A'^] and extend over to M"*", to obtain a suitable function B. 
li k = p — 1, Equation ([10]) becomes 



{2p - l)B = AVP(1 - |ap)(7' + \^{2 - {2p + l)|ap)C7, 
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and ^ = X{—X2,xi, 0, . . . , 0). Evaluated at the point pi = (1, 0, . . . , 0), this 
equation becomes 

{2p-l)[B{\C{x)\') + \C{x)\'cmx)\')] = 0, 

which contradicts the fact that G is Riemannian. 

Suppose now that there exist i and j such that 7^ &2j- Then 

i = (-6'22;2, 6*22:1, . . . , -02p-2kX2p-2k, (^2p-2kX2p-2k-l-, 0, • • • , 0), 

and straightforward computations show that 

p—k p—k 

4=1 i=l 
p—k 



|vcP = 2(^4-ieP), 



1=1 

and Equation ([9]) becomes 

i=l 1=1 



J2^.=l ^2iO"2i 



i=l i=l 



B + \^\^C 

From the independence of the vectors (T2i, we deduce that 

p—k 

{2p - 1) - - lep) = ^^[(C - B')2{J2 oi - l^p 

i=l 

+ {C - ^-^)C^etM2^? - VZ = 1, . . . ,p - fe, 

i=l 



SO necessarily 



Since there exist i and j such that 92i ^ ^2j, then i?'(|^|2) = and the 
equation becomes 

p—k p—k 

{2p - i)B = E4k2.p - + [2^4 - (2p + im']c. 

1=1 i=l 

Let pi = (1,0...,0) then e(Pi) = ^2^2(^1), \a2{pi)\^ = 1 and \^{p^)\^ = $1 
and the condition becomes 

/ p-k \ 
{2p - l)B{0l) =hj2 - C^P + 1 C{9i), 
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which is equivalent to 

{2p - 1) {B{el) + elc{el)) = f 2 eU c{el). 

Since G is positive definite, -6(^2) + ^2C'(^2) is strictly positive, hence C(02) 
is also strictly positive. Therefore 2 Y^^i=i ~ C^P + 1)^2 > (recall that 
i? is a non- negative function). Similarly, testing the equation at the point 
= (0, . . . , 0, 1, 0, . . . , 0) (1 at the 2j-th position) yields 

p—k 

2 4 - (2p + l)0lj > 0, yj = l,...,p-k, 

i=l 

and, summing up these inequalities, we obtain 

p—k 

which is clearly impossible. Hence if ^ is a harmonic section, then 621 = 62j 
for all i, j = 1, . . . ,p — k. □ 

Remark 6.1. Since, when p = 1, k can only take the value 0, there exists 
no harmonic Killing vector field on S^, whatever the Kaluza-Klein metric on 

The harmonic sections obtained in Proposition 16.31 cannot be harmonic maps 
because, though they are certainly divergence free, their norms cannot be 
constant, unless null, as Killing vector fields on even-spheres must vanish at 
some points. 

On odd-dimensional spheres, the situation is slightly different. 
Proposition 6.4. Let ^ be a Killing vector field on S'^^^^ and 

= ker(r^ — Id), 
its invariant axis, where r^ is the flow of ^. 

Then dimF^ = 2k, with < k < p and is a harmonic section into TS^^ 
equipped with a Kaluza-Klein metric G, if and only if 

(1) k ^ p, i.e. dimFg is not maximal; 

(2) ^ = A(-X2, Xi, . . . , -X2p-2fc+2, a^2p-2fc+l, 0, . . . , 0). 

If k = 0, there is no condition on the function G ( except that the metric G 
must he Riemannian) while B must satisfy 

\^B'{\^) + B{\^) = 0. 

For example, B{t) = Ke^^'^' or B{t) = K{1 + t)~^^^^'^ (K > are 
solutions. Moreover ^ will he a harmonic map. 

pt 

If k ^ 0, one solution is given hy G = and B{t) = Ke ^'^(p~k) i^j^ > Oj. 
However, as in the even dimensional case, ^ will not he a harmonic map 
because it does not have constant norm. 
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Proof. Let be a Killing vector field on the sphere S^P"*"^ and the isometry 
given by the flow of ^. Its invariant axis = ker(r^ — Id) has dimension 2k 
with < k < p. For Killing vector fields on S^^"^^, the equation of harmonic 
sections is 



(11) {2p)^ + ^Vv.^e = n+Wc - ^')|V^|2 + {C - '-^)\V^^\' 



First, assume that all the coefficients 621 are equal to A, then ^ = Aa, where 
0- = Z]i=f '^2i, and 

Vv.^e = A3(|a|2 - l)a; iV^eP = A^kP(l - kP); 
\VC\^ = 2X\p + l-k-\a\^), 

and Equation (jlip becomes 



(12) X\p - k)B' + pB = \\p + l-k)- (p + l)|a|2]C + y |(j|2(l - |a|2)C". 

In the special case when dim = 0, then ^ = Act, where 
(j{x) = (— X2, xi, . . . , — X2p+25 a^2p+i)! and ^ has constant norm |A|. Equa- 
tion (jl2p then simplifies to 

X^B'{\^) + B{\^) = 0, 

so we can choose B{t) = Ke^^ {K > 0) or B{t) = K{1 + t)"^^+^\ and 
C to be any function (as long as the resulting metric G is positive definite). 
Since ^ has constant norm, it turns out to be also a harmonic map. 

If dimF^ = 1, . . . ,p — 1, then we have the solution C = and 

-pt 

B{t) = Ke^'^P-^) {K > 0). As in the even-dimensional case, to any positive 
function C, one can find a positive function B solving ()12p . 
If dimF^ = 2p, then the equation becomes 

pB = a2[1 - (p + l)\a\^]C + ^\a\\l - \a\')C' , 

and ^ = A(— X2,xi,0, ... ,0). We evaluate this equation at the point pi = 
(1,0,..., 0) to obtain the condition 

pB{X^) = -pX^C{\^), 

which contradicts the positive definiteness of the metric G. 

In case there exist coefficients i and j such that 92i 7^ ^2ji dimF^ must be 

different from 2p and the decomposition 

p+l-k 

i = ^ ^2jO"2i, 
i=l 
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leads to 

p+l-k p+l-k 
i=l i=l 

p+l-k 

= 2( E ^i. - lep). 

j=l 

Replacing in Equation and using the independence of the Killing vector 
fields a2i, yields 

2pe2^ + ^92^m' " 4) = 5T^[(C^ " B')^' + - 2^)|V^ei>2., 
therefore 

^ol = ^el^, yi,j = i,...,p + i-k, 

hence the necessary condition = 0. Under this condition, Equa- 

tion pT]) becomes 

p+l—k p+l—k 

1=1 j=i 
evaluated at the point pi = (1, 0, . . . , 0) this gives 

p+l-k 

2pB{el) = [2 E 4 - 2b + ^)Ol]C{Bl), 
1=1 

which is equivalent to 

p+l-k 

2p{B{el) + elc{el)) = [2 ^ ol]c{el\ 

2 = 2 

and this implies that C(0|) is strictly positive and therefore, since i? is a 
strictly positive function, 

p+l-k 
i=l 

Similarly, evaluating the equation at the point pj = (0, . . . , 0, 1, 0, . . . , 0) (1 
at the 2j-th position) yields 

p+l-k 

E el-{p + i)e%>Q, vi = i,...,p + i-fe, 

i=l 

and summing up these inequalities we obtain 

p+l-k 

-k E 4 > 0, 

i=l 

which is clearly impossible. Hence, ^ cannot be a harmonic section. □ 
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7. A LARGER CLASS OF METRICS 

We can render harmonic some of the vector fields considered previously, 
if we enlarge our class of metrics on the tangent bundle by dropping the 
condition A = 1. Then the conditions for harmonic sections and harmonic 
maps are given by Proposition 12. 1[ 

Proposition 7.1. Let a £ \ {0} and A : S" ^ M, A(x) = {a,x). Then 
the conformal gradient field a = grad^ X is a harmonic section for 

(1) n = 2, C = 0, A{t) = B + Ao (Aq e R+ \ {0}) and B{t) = Ke'^ 
(K > 0) and a is also a harmonic map. 

(2) n > 2, C = 0, A{t) = B{t) + Aq (Aq G M+ \ {0}; and B{t) = 

1 

K[n + (n — 2)|a|^ — (n — 2)t]"-2 (K > 0); but a is not a harmonic 
map. 

Proof. With the notations of the proof of Proposition 16.11 we see that a 
conformal gradient field a will be a harmonic section if 

B - X\2 - n)B' + uA' = \^{\a\^ - \^)C' + [n\^ - {\a\^ - \^)]C, 

and if we choose C = and A = B + Aq {Aq £ \ {0}), the condition 
becomes 

B{t) + [{n - 2)\a\^ + n - (n - 2)t]B'{t) = 0, 
with t = |crp = |ap — A^. 

t 

If n = 2, B{t) = Ke^-i [K > 0) is a solution; and if n > 2, B{t) = 

1 

K[n + (n-2)|ap-(n-2)t]'^-2 {K > 0), is a solution, fort e [0,|ap], which 
can be extended to M"*". 

For these solutions the horizontal part of the tension field for a conformal 
vector field is 

-(n - l)XBa = 2XB'a, 
and this is only satisfied in the case n = 2. □ 
Remark 7.1. A similar result can be found in [3j. 

Proposition 7.2. For any Killing vector field ^ on S" (n>2), there exists 
a Kaluza-Klein metric on TS" making ^ into a harmonic section. If n = 2 
then ^ is also a harmonic map hut not ifn = 2p (p > 1). Ifn = 2p+l, ^ will 
not be a harmonic map unless it has constant norm (cf. Proposition \6.4^ . 

Proof. Let : S^^ TS'^P be a Killing vector field. As in Proposition ElSl we 
call = ker(r^ — Id) the invariant axis of its flow and 2k + 1 its dimension. 

Up to a permutation on the coordinates, a = ^2iO'2j) where the ^2i's 

are non-zero constants and a2i is the Killing vector field given by rotation 
in the (x2i-i, a;2i)-plane. For Killing vector fields on S^^, the equation of 
harmonic sections, with respect to the new metric G, is 
(13) 



(2p-i)e+^vv,5e = BTwc - B')m\' + {c - ^)iv^ei' - 2m' 
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First assume that the coefficients 621 are all equal to A. If A; 7^ p — 1, we 
know, from Proposition 16.31 a Kaluza-Klein metric making ^ a harmonic 
section, lik = p—1 (this is the general case on S^), Equation (|13p becomes 

{2p - 1)B + 2pA' = AVP(1 - kP)<^' + A^(2 - (2p + 
where = Act (as in Proposition 16. Sp . Choosing C = and A = B + Aq 

{Ao G M+ \ {0}), we obtain the solution B{t) = Ere(2p~^)* (K > 0). 
In the more general case where there exist coefficients i and j such that 621 7^ 
92j, by the same arguments as in Proposition 16.31 we show that B(t) = Bq 
{Bq G M+ \ {0}) and Equation ([13]) becomes 

(2p - 1)^0 + 2pA' = \V^^\^C' - iAiepC, 

which admits the positive solution A{t) = —^^^Bot + Ao for t £ [0,sup 
and continuously prolonged over M"'". 

Similar arguments apply to the odd-dimensional case. □ 
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